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In-Plane Payload Capture with an Elastic Tether

Paul Williams*
Royal Melbourne Institute of Technology, Melbourne, Victoria 3083, Australia

The capture of payloads using tethers is a challenging task from a control point of view. In previous studies
on coplanar capture, the precapture control design has been achieved by assuming that the tether is inextensible.
However, the effect of tether longitudinal vibrations can cause errors in the position and velocity of the tether tip.
Furthermore, the extra mass at the tip of the tether can induce longitudinal vibrations with significant amplitude
that ultimately cause the tether to become slack. A guidance scheme based on optimal control methodology that
can achieve rendezvous with a payload using a longitudinally flexible tether is demonstrated. Rather than treating
the precapture and postcapture phases separately, an integrated control scheme is developed that successfully
guides the tether to achieve rendezvous with a payload and then simultaneously damps the tether librations and
longitudinal vibrations. Closed-loop performance of the system is demonstrated using a receding-horizon control

strategy.
Nomenclature
A system state influence matrix
B = system control influence matrix
Dy; = entries of pseudospectral differentiation matrix
EA = tether longitudinal stiffness
f = right-hand side of system state equations
J = cost function in optimal control problem
K = state feedback gain matrix
L = Lagrangian of tether system
L = Bolza cost functional
Ly = reference tether length
Ly = Nthdegree Legendre polynomial
lo = unstrained tether length
m = total system mass, m’ +m,
m, = payload mass
m, = deployed tether mass, ply
m; = mother satellite mass, mJ —m;,
m, = mass of payload capture device
m? = mother satellite mass before deployment of tether
m* = reduced system mass,
(mi+m/2)(my+m,;/2)/m —m, /6
m = mi(my+m)/m
N = degree of approximating polynomial used in
pseudospectral method
(0] = state weighting matrix in receding-horizon control law
Q; = generalized forces in Lagrange’s equations
R = orbit radius of tether system center of mass
R = control weighting matrix in receding-horizon control law
R, = orbitradius of payload
7 = distance from tether system center of mass to tether tip
Sy = terminal state weighting matrix in receding-horizon
control law
T = horizon length in receding-horizon controller
Tmin = minimum tension level
t = time
ty = final time
to = initial time

capture or event time
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u = system control vector

w; = Legendre—-Gauss—Lobatto quadrature weights
x = system state vector

x = reference system states

du = perturbed control vector

éx = perturbed state vector

& = tether longitudinal strain

& = reference static strain following payload capture
0 = in-plane libration angle

Ao = nondimensional unstrained tether length

i = gravitational constant of the Earth

) = tether line density

w = orbital angular velocity of tether system

w, = orbit angular velocity of payload

1. Introduction

ETHERED space systems have attracted much attention in

recent years because of the large number of applications for
which they can be used.! Space transportation is still in the early
stages of development, and ways of reducing mission costs to make
space travel an affordable option for the public has been at the
forefront of research. The cost of fuel/propellant is still one of the
biggest motivators for looking toward more advanced technology
such as space elevators® and space tethers.>* Although the technol-
ogy for realizing exotic concepts such as the space elevator is still far
from reality, the technology behind space tethers is well established
by numerous flight tests and extensive theoretical work.>~’ Some
of the exciting applications of tethered satellite systems are elec-
trodynamic propulsion,®~!" payload boost!>~1> or deboost'®!” via
momentum transfer, aerobraking,'® and high-altitude atmospheric
studies.!>?® The use of tethers for capturing operational or inoper-
ational satellites and other space debris is a very useful and impor-
tant application. The captured space debris could be used as ballast
mass for more advanced momentum-exchange architectures,?! de-
orbited to burn in the atmosphere, or boosted into a higher orbit
(operational satellites). Regardless of the ultimate application, the
problem of rendezvousing and capturing another object at the tip of
a long tether is a very important astrodynamical problem.

The use of tethers for performing payload capture has been stud-
ied previously for capture in the orbital plane,>~%° as well as cap-
ture in small relative inclination orbits.?® Tether-mediated orbital
rendezvous was first mentioned by Carroll*’ for cooperative ren-
dezvous between the tether tip and the space shuttle. Carroll®® later
provided a preliminary design for a tether transport facility capable
of providing between 0.9- and 1.2-km/s velocity increments to pay-
loads. In this work, a slowly spinning tether configuration was used
and techniques for mitigating the tension waves created by captur-
ing and releasing payloads through tether reeling were discussed.
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Stuart®? originally considered in-plane cooperative tether-mediated

rendezvous between a free-flying spacecraft and the tether tip by
combining tether reeling with thrusters on the tether tip. In this work,
however, the tether reel dynamics were not directly considered and
the nominal tether length was limited to 10 km. Stuart®? gave consid-
eration to both minimum-fuel and maximum-rendezvous time tra-
jectories. Maximum-time trajectories were calculated by matching
the tether tip and payload positions and velocities at an instant then
releasing the tether tension. More recently, Blanksby and Trivailo®®
devised a method for achieving a gentle rendezvous for the in-plane
case using tension control. A simpler control technique was sug-
gested by Williams et al.>*? by employing a nonlinear receding-
horizon tracking controller. In this approach, the tether tip is maneu-
vered from an arbitrary initial state to a unique libration cycle that
ensures rendezvous at the rendezvous time. The ability to extend
the rendezvous time by using an actuator mass was investigated by
Williams and Blanksby.?® It was found that, by using a tether ex-
tended well beyond the orbit of the payload, proximity times on
the order of 9 min can be achieved. Westerhoff** discussed a lin-
ear control strategy to minimize errors in rendezvous for a spinning
momentum-exchange system assuming that the tether is positioned
reasonably close to the desired rendezvous position. It was assumed
that errors in the out-of-plane direction could be handled by thrusters
on the payload. Williams?® studied the capture of noncooperative
payloads that are in inclined orbits relative to the tether system, re-
quiring that capture take place out-of-plane with respect to the tether
system orbit. Optimal control methodology was used to determine
open-loop trajectories for an inextensible tether.

In most studies of the rendezvous maneuver, the tether has been
modeled as a rigid inextensible rod. Furthermore, the addition of a
mass at the tip of the tether introduces longitudinal vibrations that,
when coupled with the librational dynamics, can cause the tether
to become slack. In Ref. 24, Williams et al. studied both phases of
the capture scenario, but employed different dynamic models of the
tether for precapture and postcapture control. The assumption of
a rigid-rod tether neglects the tether longitudinal extension, which
can cause tens to hundreds of meters position error for the tether
tip. The purpose of this paper is to study the rendezvous and capture
of payloads in the orbital plane with an elastic tether. Rather than
separating the capture and postcapture control phases, an integrated
strategy is proposed that determines the optimal open-loop controls
for a complete capture maneuver. The approach is demonstrated
for a baseline case where the tether is maneuvered from an initial
radial-pointing configuration to capture a 1000-kg payload with zero
relative position and velocity. The system is then controlled to return
to its original radial pointing position. In addition to this, a new
receding-horizon control strategy is developed for tracking the time-
varying reference trajectories to provide closed-loop control of the
system dynamics.

II. Mathematical Model

The tether system is modeled as two point masses connected via
a straight elastic tether, assumed to be uniform in mass, as shown
in Fig. 1. It is assumed that the system center of mass follows a
Keplerian circular orbit. This assumption is reasonable if the total
maneuver time is relatively short and if the payload mass is relatively
small compared to the total system mass. For simplicity, only the
in-plane motion of the system is considered. The Lagrangian for a
flexible tether is given by

L= 1m"2(1+&)*(0 + w)> + Lm[ly(1 + &) + lpé]?

—Im* (1 + £)202(1 — 3cos20) — (EA/2)lé> (1)

where m =m(m, +m;)/m, m; = m(lJ — m,; is the mother satellite
mass, m, is the subsatellite mass, and w is the orbital angular velocity
of the system center of mass.

The equations of motion may be derived by a straightforward
application of Lagrange’s equations,

d (oL oL _, @
dt\dg; ) dq;

center of mass orbit

Fig. 1 Simplified model of flexible tethered satellite system.

The resulting equations may be written in the nondimensional form,
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where Ag=1y/L is the nondimensional unstrained tether length
and ()’ =d()/d(wt) is the nondimensional time derivative. The con-
trol input is assumed to be the reel acceleration A, and hence, the
equations of motion can be expressed in the following state-space
form:
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where (x1, X2, X3, X4, X5, X6) = (0, 6', &, &', Ao, A) are the system
state variables. Equation (5) is highly nonlinear and coupled in both
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the states and control. The potential instability of the tether libra-
tions and tether strain is evident by examining the coefficients of
0’ in Eq. (3) and the coefficients of ¢’ in Eq. (4). When the tether
length rate is negative, the damping terms in the strain and libra-
tion equations are negative, and hence, the librations and longitudi-
nal vibrations are unstable. These phenomena are the cause of the
well-known instability of the system during retrieval unless suitable
control methods are used.’' In fact, for controlling the rendezvous
maneuver, these terms in the equations of motion are essential for
manipulating the longitudinal and librational dynamics.

III. Rendezvous Conditions

A. Zero Relative Position/Velocity Rendezvous

To rendezvous with a payload at the tip of a long tether requires
that the tether tip be in the correct position at a specified time. Fur-
thermore, it is desirable to minimize the difference in velocity be-
tween the tether tip and the payload to minimize the impulse applied
at the tip of the tether. The transfer of momentum can cause string-
like vibrations to be initiated, and although these can be damped by
moving the tether attachment point,? it is preferable to achieve a
gentle rendezvous. Naturally, errors in the tether rotational veloc-
ity cause errors in the relative capture velocity. Errors in the tether
length cause not only position errors, but also errors in the relative
capture velocity. Hence, it is crucial that the tether tip be in the right
location at the rendezvous time to ensure that capture can take place.

The general rendezvous scenario is shown in Fig. 2. The tether
system is in an orbit of radius R and uniform angular velocity w.
The payload is assumed to be in an orbit of radius R, and uniform
angular velocity w,. The position and velocity of the tether tip in the
rotating orbital coordinates (x, y) centered at O may be obtained by
first writing the position of the tether tip as

rip = (R —rycos 0)i — ry sin 6 (6)

where (i, j) are unit vectors in the directions of (x, y), respectively,
and

ry = [(my +m,/2)/m]lo(1 + €) )

is the distance of the tether tip from the system center of mass.
Differentiation of Eq. (6) gives the inertial velocity of the tether tip
in orbital coordinates,

Vip = [—72cos6 + (0 4+ w) sinH]i

+[Rw — > sinf — r2(6 + ) cos 01 @®)
T
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Fig. 2 Rendezvous scenario: a) rendezvous Cooordinate system and
b) tether system coordinates.

The conditions imposed for an instantaneous rendezvous are that
the rendezvous takes place at the local vertical when the relative
separation distance between the tether system and the payload is at
a minimum. Hence, the tether libration angle must be zero. At this
instant, the radial component of the relative velocity is zero. At the
instant of rendezvous, the payload has a velocity of

v, = 0i + R,w,j ©)

Equating the components of Egs. (8) and (9) leads to the required
rendezvous conditions for a flexible tether,

rn=R-R, (10)
o = [(my +m, /2)/mllé + (mi/m)ig(1 + &) =0 (11)
6 = (Rw — R,w,)/r, — o (12)

These equations may be expressed in the more convenient nondi-

mensional form by noting that
o=fu/ 0

w=+/1/R3,

In nondimensional form, the conditions for a zero relative posi-
tion/velocity rendezvous are

=0 (14)
[omy +m,/2)/m]Ao(1 +€) = (R —R,)/Ly 15)
[ony +m,/2)/m]Aog’ + (mi/m)Ag(1 +€) =0 (16)
0 =[1/(R - R,,)][R - ,/R3/R,,] -1

~ —1.5—3Ah/(8R) — 5(Ah)?/(16R?) 17

where Ah =R — R,,. In other words, the required nondimensional
libration rate given in Eq. (17) is a function of the orbital radii of the
tether system and payload only. The required tether length, as de-
termined from Eq. (15), is a function of the difference in the orbital
altitudes of the tether system and payload. However, some important
points must be made about these conditions. The rendezvous condi-
tions for an inextensible tether do not provide any degree of freedom
with respect to the tether length and length rate (see Ref. 24). For
example, the length of inextensible tether must exactly match the
required distance, and the inextensible length rate must be zero. In
contrast, the length of the tether at rendezvous for a flexible tether is
a function of the deployed tether length as well as the tether strain.
In addition, the radial component of the tether velocity is a function
of both the tether strain rate and the tether deployment rate. Hence,
rather than imposing the strict requirement that both the strain rate
and deployment rate be simultaneously zero at rendezvous, which
is a sufficient condition, we can impose a more relaxed requirement
that Eq. (16) be satisfied. This formulation, as will be seen later in
this paper, aids in controlling the postcapture dynamics of the tether.

B. Capture Requirements in Low Earth Orbit

The requirements for capturing payloads in low Earth orbit can
be determined numerically from Eqgs. (14-17). Equation (17) sug-
gests that the required nondimensional libration rate for payload
capture is nearly constant for all practical separation distances be-
cause Ah < R. If higher-order terms are included, however, the
required nondimensional libration rate varies linearly for small sep-
aration distances with a slope of —5.45 x 10~>/km of separation for
a tether system in an orbit with a radius of 6878 km. For a tether
length of 100 km, the required nondimensional libration rate is ap-
proximately —1.5055.

An extremely important restriction to the precapture maneuver
is that the tether be kept in tension. If the longitudinal oscillations
are neglected, then there is a maximum amplitude libration cycle
and, therefore, a maximum nondimensional libration rate that can
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be achieved before the tether becomes slack. The maximum am-
plitude of the tether librations is approximately 66.5 deg (Ref. 33),
which corresponds to a nondimensional libration rate of approxi-
mately 1.686. In other words, if the libration cycle is characterized
by maximum libration rates of less than 1.686, then the tether will
remain in tension. It is clear from Eq. (17) that this requirement
is satisfied for all practical capture scenarios. For example, for the
libration cycle to exceed this limit requires a separation distance of
more than 2400 km. This is an extremely important result because it
demonstrates that for a tether system and payload in circular orbits
the tether does not have to rotate to achieve capture.

IV. Postcapture Dynamics

If the capture maneuver is successful, then the mass at the tip
of the tether increases by an amount equal to the captured mass
m . The equilibrium strain for the tether in its nominal pointing
configuration is given by

[<m1 +m,/3)(mz + m, /3) —m?/36]/
&y = 3

my(my + m;)

{[ EA 3[(m1 +my /3)(ma +my /3) —m3/36“

Lonn_w)z ml(m2 +m1)
(183)

This equation illustrates that an increment in the mass at the tether
tip, m,, causes the value of the equilibrium strain to increase. Be-
cause the tether strain at the moment of capture is likely to be quite
different from the equilibrium strain, the tether will begin vibrating
longitudinally at an amplitude roughly equal to the difference be-
tween the strain at capture and the required equilibrium strain. If the
strain vibration amplitude is large enough, then the tether can be-
come slack at the peak of its libration cycle when the natural tension
is at its minimum. This is shown in Fig. 3, which shows the strain
time history of a longitudinally flexible tether, £ A = 100,000 N, af-
ter the addition of a mass at the tip of the tether. Two frequencies are
evident in the longitudinal vibrations in Fig. 3. The high-frequency,
low-amplitude vibrations are caused by the increment of a mass
at the tether tip. The lower frequency vibrations are caused by the
coupling between the longitudinal and librational dynamics.

These results clearly illustrate the need to control the longitudinal
dynamics of the tether after payload capture has occurred. Naturally,
the amplitude of the longitudinal vibrations is related to the size of
the payload that is captured: the larger the payload, the larger the
vibrations. Previous work has demonstrated the capability of damp-
ing the longitudinal vibrations by reeling of the tether.>* However,
the control in Ref. 24 considers only the longitudinal dynamics of
the tether and does not control the tether librations after capture. In
this research, the capability of damping the longitudinal modes in
conjunction with damping of the tether librations is considered.

3
10)(10

Strain
N

\ /V
_ Tether becomes slack

2 1 2 3 4 5 6
o t(rad)

Fig. 3 Longitudinal dynamics of a flexible tether following payload
capture.

V. Open-Loop Control for Pre- and Postcapture

A. Optimal Control Formulation

The guidance and control problem for maneuvering the teth-
ered system can be stated in a general setting. There are many
classes of problems that involve control switches, state switches,
and other generalized events. In recent years, the optimization of
such hybrid systems, that is, those that involve interactions between
continuous and discrete dynamics has received some considerable
attention.**= Although the formulation of the rendezvous problem
considered in this paper does not involve discrete dynamics, the
multiple-phase nature of the problem gives rise to switches in the
state dynamics as well as switches in the cost functional. For sim-
plicity, the problem is formulated in a two-phase setting, although
the approach is applicable to any number of phases. A complete
treatment of the concepts discussed here may be found in Ref. 39.

The family of optimal control problems considered in this paper
can be stated as follows: Find the state—control pair {x(¢), u(¢)} over
the time interval [fy, 7;]=1 C R that minimize the performance
index

1y
J = / Llx(t),u(t), t]dt (19)
subject to the nonlinear state equations,
. fllx@,u@,1 tel
x(t) =
fHx@), u®), t] tel? (20)

the endpoint and event conditions,

eo[x(10), 101 = 0 2
ei[x(1).x(1f). 0] =0 (22)
eslx(ty). t;] =0 (23)

path constraints,

g <gilx®),u@).11<g, rel

g <@l um),1<g;, tel’ 24)
and box constraints,
X, <x(1) <xy
up <u(t) <uy (25)

where x € R"* are the state variables, u € R" are the control inputs,
t € R is the time,

Lx@), u(t), t], tell

L), u(®). 1] {llz[x(t), w), 1, tel> (26
is the integrand of the Bolza cost function, £ : R"+# x R™* x R —
R,k=1,2; e eR"! x R— R"® are the initial point conditions;
e; eR"! x R"? x R— R"! are the event conditions; e, € R":? x
R — R"e/ are the final point conditions; and g’i,U e Rk x R"* x
R — R"s, k =1, 2, are the lower and upper bounds on the path con-
straints. The time interval [/ is divided into two closed subintervals
such that /' =[ty, ;] and 1> =[t;, t], where I' N I*> = {#;} is the
event time. At the event time, switches in the states, controls, and
cost function are possible.

In general, the solution to such optimal control problems as just
defined are not easy to obtain using standard approaches that rely
on the formal derivation of the necessary conditions for optimality.
Even much simpler two-point boundary-value problems are still re-
garded as being very difficult to solve.** The difficulties faced by
formulating and solving multipoint boundary-value problems can
be reduced greatly by employing so-called direct methods.*' Direct
methods transform the continuous-time problem into a discrete pa-
rameter optimization problem by using a discretization method to
approximate the state equations and cost functional.
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B. Direct Solution Method and Software

There are a number of efficient discretization methods for con-
verting the continuous problem into a discrete one, some of which
are described in Ref. 41. Most of the common methods used in prac-
tice employ sequential quadratic programming (SQP) algorithms to
solve the underlying nonlinear programming problem (NLP). These
methods are extremely efficient for solving even the most com-
plex of problems. Some examples of different discretizations that
can be used to convert the continuous problem are the Hermite—
Simpson method (see Ref. 42), fifth-order Hermite-Legendre—
Gauss—Lobatto (see Ref. 43), and pseudospectral methods.***+

A general reusable software package for solving general single-
phase optimal control problems, called DIRECT,* has been devel-
oped by the author. The package utilizes the MATLAB® environ-
ment to formulate the cost function, state equations, boundary condi-
tions, and path constraints. The problem is automatically converted
into an appropriate NLP depending on the selected discretization
method. The NLP is solved using the sparse SQP software SNOPT,*’
originally coded in FORTRAN, but called from MATLAB
via a mex-file interface. Default settings are used in SNOPT, and
the Legendre pseudospectral discretization method (see Ref. 39) is
used to obtain solutions in this work.

C. Application to Tethered Payload Capture

The basic concepts used to solve complex multiple-phase optimal
control problems have been used to solve the specific problem of
capturing a payload in low Earth orbit using tethers. Figure 4 shows
the sequence of events that must take place in the proposed baseline
scenario.

Initially, the tether is assumed to be in equilibrium with respect
to longitudinal vibrations and in-plane librations. This is the nom-
inal stationkeeping state for a tether system in a circular orbit. At
some prescribed time 7y before the rendezvous time 71, tether reeling
commences to “pump” the tether librational dynamics to the correct
amplitude and phase that will enable a zero relative position/velocity
rendezvous. Following capture of the payload, the tether is reeled
to damp the tether librations as well as the longitudinal oscillations
that develop from the addition of a mass at the tether tip. The tether
returns to the stationkeeping configuration (with new equilibrium
length) at time #;.

The event point conditions defining the moment of rendezvous
already have been derived. It now remains to specify the initial and
final boundary conditions, as well as the form of the cost functional.

1. Initial Conditions
The initial configuration of the system before commencing the
capture maneuver is the equilibrium position for the system. It is
easy to verify that the librations are in equilibrium for
(1) =0, 0'(to) =0 27
It is assumed that the amount of deployed tether is equal to the
reference length and that the tether reel is initially locked,

Ao(t0) = 1, Ay(te) =0 (28)

Phase 1: Pre-Capture/Capture
A

Phase 2: Capture/Post-Capture

a) b) c) d) e)

Fig. 4 Sequence of events for payload capture scenario, a) tether in
equilibrium configuration, #y; b) tether reeled-out and reeled-in to es-
tablish correct swing rate; c¢) rendezvous with payload at local vertical,
t1; d) tether reeled-out and reeled-in to damp librations and longitudinal
waves, and e) tether returns to equilibrium configuration (¢;).

The tether strain rate is assumed to be initially zero and the initial
tether strain is set so that the tether strain acceleration is zero, that
is,

e(to) = 1/(EA/{3L ;[ (m) —2pL; [/3)(my+ pLy/3)
—p*L% [36]/(m) + ma)} - 1) (29)
&'(t)) =0 (30)

2. Final Conditions
The final boundary conditions at the time 7, are selected to be
the same as the initial conditions, except that the final strain is not
strictly enforced. Instead, the strain rate and strain acceleration are
constrained to be zero. Hence, the final boundary conditions are

given by
0(tp) =0,

0'(ty) =0, Ao(tp) =1

Ay(tp) =0, g(ty) =0, e"(t;) =0 (€20
Note that the strain acceleration is a complicated function of the

states and control at the final time, as shown in Eq. (4).

3. Cost Function

The specification of the initial, event, and final conditions does
not necessarily imply that the system will be well behaved on the
trajectory between these points. As already noted, the longitudinal
vibrations of the tether must be adequately suppressed following
capture. In addition to this, it is desirable to ensure that the applied
reel acceleration is smooth and minimal. Control of a longitudinally
elastic tether can be sensitive to the cost function used for defining
the system performance.*® Instead of limiting the focus to one cost
function, four different cost functions are considered. The rationale
for this is that using only one cost function may lead to erroneous
conclusions as to the requirements for the system. Hence, the fol-
lowing cost functions were selected for comparison:

{cl = (AD?, rel
1=
L2 =0.1(A))* + 10(c — &,)* + 10(¢")?, tel* (32)

Ji= (A)” +10(")* +100()*,  te[l',I"] (33)

L'=(AD*+ ("), rel
e =+ e rer (34)

Jy = ("2, rell', 11 (35)
where ¢, is the reference static strain determined from Eq. (29)
including the additional payload mass m , value,

& =1/(EA/{3L;0’[(m} —20Ly/3)(my+m, + pLy/3)

—p*L3[36]/(m) +ma+m,)} 1) (36)

Each cost function has a physically important meaning. For exam-
ple, J; is defined differently in each phase. In the first phase, only
the control input is penalized, whereas in the second phase the tether
longitudinal dynamics are weighted more heavily than the control.
The second cost, J,, is defined identically in both phases and pe-
nalizes a combination of the control and the longitudinal dynamics.
The third cost, J3, penalizes a combination of the control and tether
strain acceleration in the first phase, but penalizes only the tether
longitudinal dynamics in the second phase. Finally, Jy is identical
in both phases and penalizes only the tether strain acceleration.

4. State Constraints

The importance of keeping the tether tension positive has been
stressed in the preceding sections. Hence, it is necessary to ensure
that the tension is kept positive in the open-loop maneuver. The
tension can be kept positive by imposing a path constraint on the
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tether strain as follows:

&= Tmin/EA (37)

where T,,;, is the minimum allowable tether tension.

V1. Feedback Control

The optimal open-loop trajectory can be sensitive to errors in the
initial state, modeling errors, or external disturbances, and therefore,
the open-loop control should be implemented with a feedback con-
troller to provide good closed-loop performance. A proven approach
for providing feedback control around time-varying reference tra-
jectories is to linearize the system dynamics and solve a linear op-
timal control problem over a future finite horizon with the initial
state equal to the current state (receding-horizon control).*> An ef-
ficient approach for implementing receding-horizon control using
pseudospectral methods was presented in Ref. 50, based on the work
presented in Ref. 51. In this approach, the two-point boundary-value
problem obtained by applying Pontryagin’s maximum principle to
the linear optimal control problem is discretized into a set of lin-
ear algebraic equations. A simpler and more efficient approach is
used here to track the open-loop trajectories by formulating the dis-
cretized problem as a quadratic programming problem, for which
analytical solutions are available. This has the advantage that less
memory is required to obtain solutions and that a closed-form solu-
tion is available, rather than solving a large system of linear equa-
tions at each sample time.

Consider the problem of finding the controls u(¢) that minimize
the quadratic performance index

1
8J = ESxT(t +T)S;8x(t + T)

+ % f HT[SxT(t)QSx(t) + 8u' (H)RSu(r)]dr* (38)
t
subject to the linearized state equations,
dx = A(t)éx + B(t)du 39)
the initial conditions,
Sx(t* =1) =x@) —x() (40)
and possibly the terminal constraints,
x(t*=t+T)=0 (41)

where éx € R™ are the perturbed state variables, Su € R™ are the
perturbed controls, ¥ € R™ are the reference states, A € R™ *"™ is
the system state influence matrix, B € R™ *"* is the control influ-
ence matrix, Q € R"™ *"* is a positive semidefinite weighting matrix
that penalizes the deviations of the perturbed states, R € R™ *" is

B Inx X Ny 0 0
2 2
Z Doo —Alt D
T 0,0 (0) T 0,1
2p 2p At)
Az T 1,0 T 1,1 1
) 2p
T N.0 T N,N—1
i 0 0 0
B:
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a positive definite weight matrix that penalizes the deviations of the
perturbed controls, and S, € R™ *"™ is a positive semidefinite ter-
minal weight matrix that penalizes the deviations of the perturbed
states at the end of the future horizon.

The linear optimal control problem may be discretized over the
future horizon using a pseudospectral method.’! If the time horizon
is divided into N + 1 nodes, and denoting the vector of unknown

variables as
X = [8x(19), 8x(t1), ..., 8x(ty), Su(ty), ..., Su(ty)]" 42)

then the discretized problem becomes one of finding the variables
X to minimize the cost function

8] = %(SxT(tN)S £8x(ty)

N (43)

ST

N
D w87 (1)Q@8x (1) + Su” (rORSu (1)

k=0

subject to the constraints
dx(ty) = 6x(t)

N
T Z Dy;jox(t;) — A(t)dx(tr) — B(t)du(t) =0

j=0
k=0,....,N (44)
Sx(ty) =0

Equations (43) and (44) can be expressed in the matrix form

8J = 3X"HX (45)
AX =B (46)
where H is the Hessian matrix defined by
-7 _
EwOQ 0 0 0 0 0 0
T
0 EU)]Q 0
0o . 0
. . T
0 r R 0
—w
5 Wo
o . 0
0 0 0 0 0 0 EwNR
47
and where
0 0 0 0 0
2
—Don —B(1) 0 0 0
T
0 —B() O 0
(48)
2 D 0 0 0
T N-1,N
2
7DN,N —A(ty) 0 0 0 —B(ty)
I;u X Ny 0 0 0 0 _
Sx(t)
0
(49)
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where Dy ; =diag[Dy;l,, x », is a diagonal matrix, and

ij =

Ly(t) 1 .

e kA
Ln(z)) (e — 7))

N(N+1) . 2 1
_——_— k:] :O, u}kz

4 N(N + 1) [Ly(m)]?
k=0,...,N
N(N +1
g k=j=N
4

0 otherwise (50)

Note that the nodes are selected as the Legendre—Gauss—Lobatto
points and are defined on the interval T € [—1, 1], as described in
Refs. 39 and 51.

The minimization of Eq. (45) with respect to X subject to the
linear constraints (46) is a standard quadratic programming problem,
which has the solution’?

X*=H'A"AH'A")"'B (51)

This solution contains the discrete values of the states and controls
at all node points. However, for feedback control, we are interested
only in the value of the control at the initial point. Hence, by defining
the row vector

V= [Onuxnx(N-H)v Inuxnuv Onl,xn“N] (52)
we obtain the state feedback control
su(t) = VX* 2 K(t; N, T)éx(1) (53)

where K € R™*"* is a time-varying feedback gain matrix. It is ap-
parent that Eq. (53) is a linear time-varying proportional feedback
control law that can either be determined offline or online depending
on the system complexity and level of discretization. In fact, it is
possible to determine the feedback gain matrix treating 7" as the time
to go to obtain neighboring optimal guidance, provided the original
cost function for the nonlinear optimal control problem is expanded
to second order. These options are not utilized here, but the general
technique provides an extremely attractive alternative to integrating
the matrix Riccati equation to obtain the same feedback gain matrix.
In other words, this method does not require any explicit integration
of differential equations for implementation.

Some additional important points regarding the implementation
of the method need to be made. First, the Hessian matrix is a diagonal
matrix, whose inverse is required in Eq. (51). Because this matrix
does not change for a given application of the method, then it is
necessary to only calculate this inverse once. This may be stored for
later use. To take advantage of the fact that the Hessian and its inverse
are diagonal, sparse matrices are used to store this information,
speeding up the matrix calculations.

VII. Numerical Results

A representative system has been selected to demonstrate the per-
formance of the proposed methods. The tether system is assumed to
be in an orbit with a radius of 6878 km, and the payload is assumed
to be in an orbit with a radius of 6778 km. The key properties of the
tether system and payload are given in Table 1. The total maneuver
time is assumed to be 12 rad, which is slightly less than two orbital

Table 1 Example tether system properties

System property Value
Main satellite mass 100,000 kg
Capture mechanism mass 500 kg
Tether density 10 kg/km
Tether stiffness 100,000 N
Nominal tether length 100 km
Payload mass 1,000 kg

revolutions of the tether system. Although the period of tether libra-
tions depends on amplitude, it varies between approximately 0.58
and 0.8 of one orbit, and so sufficient time is necessary to control
the librational dynamics adequately. The precapture maneuver time
must be at least on the order of the librational period. Therefore, the
precapture phase is initiated 6 rad before capture, and another 6 rad
is allowed for the tether to return to the stationkeeping phase. Note
that this is a relatively short time interval and is selected because it
is close to the period of librations, representing the upper level of
possible performance for the system. Longer maneuver times are
less demanding and, therefore, of less interest in this study.

A. Open-Loop Trajectory

The open-loop trajectory for the system described in Table 1
was determined with the minimum tension set to 7, = 0.5 N. The
Legendre pseudospectral method was used with the initial guess
of the trajectory given by the tether equilibrium position with zero
control input. The problem was discretized with 200 nodes on each
phase, that is, 400 nodes in total. This number was selected to cap-
ture the longitudinal dynamics of the tether adequately. The accu-
racy of the discretized solution was assessed by propagating the dis-
cretized control input (interpolated with cubic splines) using ode45
in MATLAB with absolute and relative error tolerances set to 10712,
If the discrete states match the propagated solution, then the solution
is a feasible one. Solutions were obtained on a Pentium M laptop in
MATLAB 7.0 in approximately 5 min. Because the solutions from
the propagated solution match those obtained from DIRECT and are
indistinguishable at the level of the plot, only the direct solutions
are shown in the figures that follow.

The open-loop trajectories are shown in Figs. 5-12. The tether
libration angle is shown in Fig. 5, which shows the relatively large
libration amplitude that is required to generate the correct velocity
for the tether tip. The maximum angle is approximately 61.2 deg.
The corresponding libration rate is shown in Fig. 6. Figures 5 and 6
show the symmetrical nature of the librational dynamics for the
proposed payload capture maneuver and the effectiveness of using
tether reeling to pump and damp the librations in under two orbits. It
is also clear that the choice of the performance index does not have
a large effect on the tether librational dynamics for this maneuver.
The tether strain and strain rate are shown in Figs. 7 and 8, respec-
tively. Figure 8 begins to illustrate the differences in the choice of
performance index. Although the initial conditions are the same for
each case, there are some distinct differences in the strain variation
at the beginning of the maneuver. The trajectory corresponding to
Ji has some oscillations in the strain, which are the largest in ampli-
tude compared to the trajectories for the other costs. The trajectory
for J, has a small drop in the strain initially, but the control appears
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Fig. 12 Projections of tether configuration during payload capture
maneuver (not to scale).

to damp this out very quickly. The variation in strain for each of the
other costs is very smooth over the whole trajectory. The variation in
strain magnitude over the trajectory is caused by the coupled effect
of changes in tether length and the librational motion. (A positive
libration rate acts to increase the tether tension, as does an increase
in length.) The strain reduces to very low levels just before cap-
ture because of the large negative libration rate needed for payload
capture. However, the strain is always positive, implying that the
tether remains in tension. The most severe strain oscillations occur
before payload capture for the cost J;. The reason for this behavior
is because the trajectory for J; penalizes only the control input in
the first phase, not the longitudinal dynamics. Hence, a lower cost
is achieved by pumping the longitudinal dynamics in the first phase
to help mitigate the tension wave that would otherwise occur just
following payload capture. Note that the variation in strain for J,
in the second phase is very smooth. (It is also similar to the strain
variation for J,.) The final value, as well as the general amplitude
of the strain in the second phase, is noticeably larger than the strain
in the first phase. This is because of the added payload mass at the
tether tip.

The tether strain rate, shown in Fig. 8, exemplifies the differences
in the longitudinal dynamics for the different cost functions. The
large longitudinal oscillations for the J; cost indicates that it is a
rather poor choice for this maneuver. The trajectories for J; and
J, are generally very smooth, although on the basis of strain rate,
J4 is the better of the two. It is also evident that the strain rate is
not necessarily zero at the instant of capture. In fact, each different
trajectory has a different strain rate at capture. This is allowable
because the total radial velocity is still zero at the instant of capture
as required by Eq. (16). It is clear that the optimal solution does not
require the tether length rate and strain rate to be simultaneously
zero at the capture point. This fact allows the postcapture dynamics
to be damped so effectively without causing the tether to become
slack. The most significant differences in the controllers are shown
in Fig. 9, which shows the unstrained tether length. Figure 9 shows
that the tether must be reeled-out, reeled-in, then reeled-out again
to achieve the desired capture requirements. Although the overall
variation in length is very similar for the different costs, the amount
of deployed tether at any instant of time can be quite different (up to
8 km difference). In addition, the required tether length for capture
is approximately 100 km, but to control the system fully for this
particular maneuver requires a tether between 140 and 150 km in
length.

The variation in length rate, shown in Fig. 10, illustrates that the
main differences in the reel rate occur in the vicinity of the capture
point. The reel requirements are generally also larger during the
second phase than in the first. Note that one unit of nondimensional
reel rate corresponds to approximately 110.7 m/s in dimensional

units. Hence, the peak reel requirement is on the order of 36 m/s.
The postcapture longitudinal oscillations are damped by reeling the
tether out by a small amount following capture. One additional fea-
ture is that the derivative of the reel rate is discontinuous across the
capture point. This is clearly visible in the reel acceleration trajec-
tory shown in Fig. 11. The largest change in reel acceleration (jerk)
occurs in the Jy4 trajectory, followed by J,. The smallest jerk occurs
in the J; trajectory. Furthermore, the reel acceleration drops after
capture for the J; trajectory, but increases for all other cost func-
tions. The reason for the longitudinal vibrations in the J; trajectory
is also evident by examining Fig. 11: The initial reel acceleration
is the largest of all of the costs, and there is a deliberate pumping
of the longitudinal mode in the 15 min before capture. Immediately
following capture, the reel acceleration for J; has some higher fre-
quency variations superimposed on the mean reel acceleration to
help stabilize the postcapture vibrations. The other controllers are
generally more well behaved than this. One unit of nondimensional
reel acceleration is approximately 0.1225 m/s? in dimensional units.
Therefore, the acceleration requirements for the reel are not too se-
vere for this maneuver.

Projections of the tether at uniform instants of time are shown in
Fig. 12 for the J, cost function. The maneuver is nearly symmetrical
about the local vertical from a geometrical point of view, except for
the longer tether length needed in the postcapture phase. Overall,
the results illustrate the importance of selecting a physically desir-
able cost function for the maneuver. For example, if one used only
Ji as a measure, then it might be erroneously concluded that it is
necessary to initiate large-amplitude longitudinal vibrations before
payload capture. When the trajectories for the other cost functions
are examined, it is clear that this is not the case. It appears that
the minimum strain acceleration trajectory is the best in terms of
maintaining smooth system dynamics and will be utilized in the
remainder of the paper.

B. Closed-Loop Control

Even though the numerical methods used to generate the opti-
mal control profiles are capable of producing results in times on
the order of minutes, it is desirable to implement such solutions
with an appropriate feedback strategy such that closed-loop stabil-
ity can be demonstrated. Therefore, the open-loop controls could be
stored, or even determined just before initiating the control actions,
and a receding-horizon controller can be used to implement the re-
quired controls. This possibility is considered here. For simulations
of the closed-loop system, the precapture and postcapture phases
are treated separately. There are several good reasons for this. First,
the precapture maneuver is strongly dependent on an accurate posi-
tioning of the tether tip to achieve rendezvous. Hence, strict terminal
constraints must be placed on the tracking controller to give some
reliance on its accuracy, particularly at the rendezvous time. Sec-
ond, the postcapture phase is not as critical as the precapture phase,
and so some tolerance is allowable on tracking the system states.
More important, the exact mass of the object being captured may not
be known, and so the tether strain determined from the open-loop
controls may not be accurate. If terminal constraints were applied
during this phase, then the control action may be erroneous, pos-
sibly leading to instability or a fatal control action. Therefore, no
terminal constraints are applied in the postcapture phase. All system
states are assumed to be measurable. The tether length and length
rate are most easily measured. The libration angles could either be
measured or estimated. The strain variation would be the most dif-
ficult to sense accurately, and a tensiometer would most likely be
needed at the tether tip, rather than at the mother satellite, because
the strain at the tip is critical for achieving the correct position.

1. Precapture Phase

Instead of performing an exhaustive study on the effect of hori-
zon lengths, weighting matrices, and degree of discretization in the
tracking controller, some reasonable values have been selected. The
weighting matrices are selected as Q = 1000/ » ¢ and R = 10. The
horizon length has been selected as 7 =3 rad, with the degree of
discretization set as N =100 for all simulations. There were 15
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Fig. 13 Dispersions to system nondimensional state variables for precapture phase: a) in-plane libration angle, b) in-plane libration rate, c) strain,
d) strain rate, e) unstrained tether length, f) unstrained tether length rate, and g) control input.

simulations performed using the receding-horizon controller with
perturbations to the initial conditions. The perturbations to the ini-
tial conditions were distributed randomly within the ranges

|A6(f)| < 10 deg, |Ae(to)| < 0.1&(10)

[AAo(tp)] < 0.1, |AAG(t)| < 0.05 (54)
All other states were kept as nominal. The perturbations given in
Eq. (54) can be viewed as rather large disturbances in the context
of a space tether system. They are far from the equilibrium values.
Nevertheless, the perturbations serve to illustrate the effectiveness
of the proposed closed-loop control.

Numerical results from the closed-loop simulations are shown in
Fig. 13. Figure 13 shows the dispersions to the system state vari-
ables and control corrections required. This illustrates the excellent
closed-loop performance of the system using only the reel acceler-
ation as the control input. In particular, all system states converge
to their desired values by the capture time. The required control
corrections are shown in Fig. 13g, which shows that the control cor-
rections are relatively smooth and keep the longitudinal vibrations
stable. Note that, although not shown here, the closed-loop response
for the tether strain remains positive at all instants of time. Further-
more, numerical simulations demonstrated that it is necessary to
incorporate terminal constraints in the tracking controller. Without
terminal constraints, the final position error of the tether tip is unac-
ceptable. With terminal constraints, it can be seen that the tracking
error is negligible at the final time. A comparison of Fig. 13d with
Figs. 13b and 13f shows the large difference in the frequency of
the longitudinal mode. The effect of this is evident in the feedback
control shown in Fig. 13g, which has variations to control both the
long- and short-period dynamics.

2. Postcapture Phase
To demonstrate the nature of the closed-loop performance for
the postcapture phase, an additional 15 simulations were performed

with the initial velocities following capture perturbed from their
nominal values. It makes sense to only simulate perturbations to ve-
locity because perturbations to position would mean that capture has
not taken place. The applied perturbations were randomly dispersed
in the ranges
|AG'(1)] < 0.05, |A€'(2;)] < 0.006, [AAG(t)] <0.02
(55)
In addition to errors in the capture velocity, uncertainties in the
payload mass were also incorporated. The perturbations to the pay-
load mass were randomly dispersed in the range

[Am; ()] < 200kg (56)

which is a rather large (20%) error in the expected capture mass.
Naturally, an uncertainty in the payload mass means that the equi-
librium strain following capture will be different from the open-loop
solution, and hence, the final values for the tether strain and tether
length cannot be expected to match the nominal trajectory. There-
fore, no terminal constraints are used in the postcapture phase.
Numerical results from closed-loop simulations of the postcap-
ture phase are shown in Fig. 14. As expected, the dispersions to
the tether strain and unstrained tether length do not approach zero,
although their magnitudes are bounded and appear to approach con-
stant magnitudes. This is indicated by the convergence of the strain
rate and unstrained length rate to zero. The excellent closed-loop
performance is demonstrated by examining the tether librational
dispersions, as well as the dispersions to the system rates. For ex-
ample, the dispersions to tether strain rate and unstrained tether
length rate go to zero, indicating that any residual longitudinal vi-
brations caused by the errors in the payload mass have been damped.
Furthermore, the total tether strain is always maintained above the
lower limit, hence maintaining tether tension. The major difference
between the closed-loop control of the second phase compared with
the first is the significantly large control corrections required near
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the beginning of the phase. These corrections are nearly double the
maximum corrections required in the first phase.

The closed-loop simulations illustrate that it is possible to pro-
vide adequate feedback control for the system in both phases of the
capture maneuver using only manipulation of the tether length. Im-
portant questions still remain, however, such as how to observe all
of the system state variables and whether the system still performs
as well in the presence of additional uncertainties (such as in the
tether stiffness). Nevertheless, the results presented are extremely
promising from the point of view of obtainable accuracy and the
efficiency with which they can be generated.

VIII. Conclusions

An approach for controlling an elastic tether system for ren-
dezvousing and capturing a payload has been presented. The op-
timal open-loop control law is determined by a direct Legendre
pseudospectral method by treating the precapture and postcapture
phases as a single, coupled maneuver. Treatment of tether elastic-
ity offers advantages in specifying the rendezvous conditions at the
tether tip that are not otherwise possible if the tether elasticity is
neglected. Numerical results for a capture scenario in low Earth
orbit clearly show that, in some cases, the precapture and postcap-
ture phases are tightly coupled in the sense that control actions for
damping the postcapture vibrations are initiated before capture. Nu-
merical results also suggest the desirability to minimize the tether
strain acceleration throughout the maneuver to reduce the tether lon-
gitudinal vibrations. Open-loop results illustrate the possibility of
maneuvering the tether to rendezvous, capture, and damp postcap-
ture vibrations using an integrated control methodology. Closed-
loop control of the system using a receding-horizon strategy was
also proposed. A receding-horizon controller based on the solution
of a quadratic programming problem has been developed and can
provide efficient and accurate solutions for time-varying reference
trajectories. The closed-loop performance is excellent, even in the

presence of large disturbances to the system states and uncertainties
in the payload mass.
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